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ABSTRACT

We introduce the leap hyper-Zagreb indices of a graph. In this paper, we compute the leap hyper-Zagreb indices and their polynomials of wheel,
gear, helm, flower and sunflower graphs.
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INTRODUCTION

Let G be a simple connected graph with a vertex set /(G) and an edge set E(G). The degree of a vertex v is the number of edges
incident to v and is denoted by d(v). The distance between two vertices u and v of a graph G is the number of edges in a shortest
path connecting them and it is denoted by d(u, v). For a vertex v in G, the open neighborhood of v is defined as N;(v/G) = {u €
(G) : d(u, v) = k}, where k is a positive integer. The k-distance degree, denoted by di(v), of a vertex v € V(G) is the number of £
neighbors of v in G, see (1). We refer to (2) for undefined terminology and notation not given here.

The second leap Zagreb index was introduce by Naji ef al. in (1) and defined as

= > d,(u

meE (:

Recently, some new leap indices were introduced and studied such as sum connectivity leap and geometric-arthimetic leap indices
(3), F-leap indices (4), augmented leap index (5) and minus leap and square leap indices (6).

A new version of the first 1eap Zagreb index is defined as

- 2 [a)+d0)

quE

We now define the first and second leap hyper-Zagreb indices as

HLM  ( Z [d Ol

uvekE

HLM,(G)= Y. [d d,(v)]-

uveE

In (7), Shirdel et al. introduced the hyper-Zagreb index. In recent years, some new hyper-Zagreb type indices were introduced and
studied such as hyper Revan indices (8), reverse hyper-Zegreb indices (9), multiplicative hyper-Zagreb indices (10), K hyper
Banhatti indices (11).

We introduce the general first and second leap Zagreb indices defined as

LM Z[d wy+d,(V)]". (1)

uveE

LM} (G)= ). [d ] )

uveE
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Considering the leap Zagreb indices, we propose the first and second leap Zagreb polynomials and the first and second leap hyper-
Zagreb polynomials of G, defined respectively as

LM}* (G,x) — Z L0+ ()]

................................ 3)
uveE(G)

LM, (G,x)= Y x®W&0 4)
uveE(G)

HIM,(G,x)= 3 a®treCl (5)
uveE(G)

HIM,(Gx)= 3 al®0w00 6)

uveE(G)

We consider wheel graphs and wheel type graphs, see (12). In this paper, the leap hyper-Zagreb indices and their polynomials, and
general first and second leap Zagreb indices of wheels, gear graphs, helm graphs flower graphs, sunflower graphs are determined.

2. Wheels W,

The wheel W, is defined to be the join of cycle C, and complete graph K;. Let G = W,.;. The graph G has n+1 vertices and 2n
edges. The vertex of K is called apex and the vertices of C, are called rim vertices.

b

Figure 1. Graph W,

There are two types of the 2-distance degree of edges in W, as given in Table 1.

Table 1.

do(ut), dy(v)\ uv € E(G) (0,n—3) (n—-3,n-3)
Number of edges n n

Theorem 1. Let G=W,.; be a wheel with n+1 vertices and 2n edges, n = 3. Then

a) LM (G)=0+2)n(n-3)".

b) LM (G)=n(n-3)".
Proof: (a) By using equation (1) and Table 1, we have
LM (G)= Y [d,(w)+d,(»)]

uveE(G)
= n@+ n- 3 +nG- 3+ n- 3) =0+ 2 InG- 3).

(b) By using equation (2) and Table 1, we have

M (G)= Y [d,(wd,»]

uveE(G)
=n n- 3+ nl;- DG- DI = nG;r- 3.
Corollary 1.1. Let 7, be a wheel, n = 3. Then
(@) LM; (W,.))= 3n(r- 3).

7
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(b) HLM,(W,.,)= 5nGn- 3) .

Proof: Put @ = 1, 2 in equation (7), we obtain the above results.

Corollary 1.2. Let W, be a wheel, n = 3. Then

@ LM,(W,,,)= n(r- 3, see (12).
(b) HLM,(W,.)= nGi- 3)'.

Proof: Put a = 1, 2 in equation (8), we get the above results.

Theorem 2. Let G=W,., be a wheel, n > 3. Then

n-3 2G- 3)

a) LM;(W,.,x)= nx
b) LM, (W,,,,x)= nx"+ nx* 24

o) HLM,(W,,,.x)= nx* + nx** ¥
d) HLM,(W,, ,x)= nx’+ nx" o

n

+ nx

Proof: (a) From equation (3) and Table 1, we have

LM (W,

n+l?

)C) — z xdz(u)+d2(v) :nx0+n73 +nxn73+n73 — nxn-3 + an(n- 3
uveE(G)

(b) From equation (4) and Table 1, we get

LMZ (Wnﬂ,x) — z xd:(u)d:(v) — nxO(n73) +nx(nf3)(nf3) — nx() + nx(n- 3y )
uveE(G)

(c) From equation (5) and Table 1, we obtain

2 2
HLM, (W,M,x): Z x[dz(u)+dz(v)]z B e N vy o 3)2_
uveE(G)

(d) By using equation (6) and Table 1, we establish

2 2 4
x): Z x[dz(u)dz(v)]z ESOSCE ) U (RS EES)) N S
uveE(G)

HLM, (W,

n+l?

3. Gear Graphs G,

The gear graph G, is a graph obtained from wheel W,., by adding a vertex between each pair of adjacent rim vertices. Clearly G,
has 2n+1 vertices and 37 edges.

Figure 2. Graph G,

In G,, there are two types of the 2-distance degree of edges as given in Table 2.
Table 2.

dy(u), d>(V)\ uv € E(G,) (n,n—1) 3,n—-1)
Number of edges n 2n

Theorem 3. Let G, be a gear graph with 3n edges. Then
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a) LM (G,)=n2n-1)"+2n(n+2)". 9)

a

b) LM (G, )= n[n(n=1]" +2n[3(n-1)]
Proof: (a) By using equation (1) and Table 2, we obtain

M7 (G)= > [d,w+d, (W]

uveE(G,)
=n@m+n- D' +2nG+n- 1Y
=nQn- D'+ 2n(+ 2).

(b) By using equation (2) and Table 2, we obtain

L (G,)= 3 [d,d, ()]

weE(G,)
= nlnGi- DI+ 20BG- DI.

Corollary 3.1. Let G, be a gear graph with 3n edges. Then

(a) LM, (G,)= 4n*+ 3n.

(b) HLM,(G,)= 6n° + 4n* + 9n.

Proof: Puta = 1, 2 in equation (9), we get the above desired results.
Corollary 3.2. Let G, be a gear graph with 3n edges. Then

(a) LM, (G,)= n’+ 50" - 6n, see (12).

(b) HLM,(G,)= n’- 2n* + 191’ - 36n° + 18n.

Proof: Put a = 1, 2 in equation (10), we get the above desired results.
Theorem 4. Let G, be a gear graph with 3n edges. Then

a) LM (G,,x)= nx>" "+ 2nx""?.

b) LM, (G,,x)= nx"" "+ 2nx*" V.

¢) HLM, (G,,x)= nx®" " + 2mx ¥

d) HLM,, (G, x)= nx"" 7 + 2"V

Proof: (a) From equation (3) and Table 2, we derive

LM; (G x) — Z x[dz(u)ﬂiz(v)] — nxnﬂlfl + 2nx3+n—1 — ann- 1 + 2nxn+2.

n?
uveE(G,)

(b) From equation (4) and Table 2, we establish

LMZ (Gn , X) — Z xdz(u)dz(v) — nxn(n—l) + 2n3(n—1).
uveE(G,,)

(¢) From equation (5) and Table 2, we obtain

2 2
I_IL]\l1 (G’Z ,)C) — Z x[dz (u)+dz(l)]2 — nx(nﬂzfl) + 2nx(3+n71) — nx(Zn- » + 2nx(r1+ 2y .
uveE(G,)

(d) By using equation (6) and Table 2, we have

2 2 2 > 5
HLM2 (Gn,x) — Z x[dz(u)dz(v)]z — nx[n(nfl)] +2nx[3(n71ﬂ — nxn G- 1Y + 2nx9(n- 1 .

uveE(G,)
4. Helm Graphs H,

A helm graph H, is a graph which is obtained from ., by attaching a pendant edge to each rim vertex. Clearly H, has 2n+1
vertices and 3n edges.
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Figure 3. Graph H,

In H,, there are three types of the 2-distance degree of edges as given in Table 3.

Table 3.
dx(u), d>(v)\uv € E(H,) (n,n—1) (3,n-1) (n-1,n-1)
Number of edges n n n
Theorem 5. Let A, be a helm graph with 3n edges. Then
a) LM!(H,)=n@2n-1)"+n(n+2)"+n(2n=-2)". (11)
by LM: (H,)=nln(n=D] +n[3(n-D]" +n(n-D*. (12)

Proof: (a) By using equation (1) and Table 3, we deduce
LMla (Hn): Z I:dZ (u)+d2 (v):|a
)

uveE(H”
=nG+n- D'+n@G+n- D+ nG- 1+n-1)

=nQn- D'+ nG+2) +nQn- 2).

(b) By using equation (2) and Table 3, we deduce

v (H)=Y [d,wd,»]

uveE(H,)

= n[nGi- DI+ nBG- DI + nlGi- DGi- DI
= nlnG- DI + nBG- DI + nGr- D

Corollary 5.1. Let H, be a helm graph with 3n edges. Then

(a) LM, (H,)= 5n"- n.

(b) HLM,(H,)= 9n’ - 8n*+ 9n.

Proof: Puta =1, 2 in equation (11), we get the above desired results.
Corollary 5.2. Let H, be a helm graph with, 3n edges. Then

(@) LM, (H,)= 2n’ - 2n, see (12).

(b) HLM, (H,)= G- 1 Qn* - 2n* + 10n).

Proof: Put @ = 1, 2 in equation (12), we obtain the above desired results.

Theorem 6. Let A, be a helm graph with 3n edges. Then
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a) LM, (H,,x)= nx"" '+ nx""> + nx*" 2.
b) LM2 (Hn ,x): nxn(n— l)+ nx}(rr 1)+ nx(n— 152 .
¢) HLM,(H,,x)= nx°" Vo ax g gy @r

d) HLM, (Hn’ x)= e o B of | - ot )
Proof: (a) From equation (3) and Table 3, we derive

LMl* (Hn 5 )C) = Z xd:(w)wfz(v) _ nxn+n—l + nx3+n—l + nx,,,lw,,l
uveE(H,)

— nx2)1—1+nxn+2+ ann—Z.

(b) From equation (4) and Table 3, we deduce

LM2 (Hn , x) — z xdz(“)dz(") — nxn(nfl) + nx3(nfl) + nx(n—l)(nfl)
uveE(H”)

_ nxn(nfl) +nx3(n—1) +nx(n—1)“.

(c) From equation (5) and Table 3, we obtain

2 2 2 2
HLMI (Hn,x) _ Z x[dz(u)+dz(v)]' _ nx[n+(n71)] +nx[3+(n71)] nx[(n71)+<n71)]
quE(H,,)

Qn- 1Y

= nx + nx(n+ 2y + nx(Zn- 2y .

(d) By using equation (6) and Table 3, we have

2 2 2
HLM, (H,.x) = Z Jewa®T _ o -0f | Be-0F | D]

uveE(H, )

= e OF ) Be-DF o 06 DF

5. Flower Graphs Fl,

A graph Fl, is a flower graph which is obtained from a helm graph by joining each pendant vertex to the apex of the helm graph.
Clearly FI, has 2n+1 vertices and 4n edges.

Figure 4. Graph Fi,

In F1,, there are 4 types of the 2-distance degree of edges as given in Table 4.
Table 4.

dy(u), d>(v)\ uv € E(Fl,) 0,n-5) 0,n—-2) (n—=5,n-2) (n—-5,n-5)
Number of edges n n n n

Theorem 7. Let G = Fi, be a flower graph with 2n +1 vertices and 4n edges. Then

a)LM/ (Fln)=3n(n—5)a +n(n=2)" +n2n=7) +n(2n=10)". (13)



2789 International Journal of Current Research in Life Sciences, Vol. 07, No. 10, pp.2783-2791, October, 2018

b) LM: (FL) = n[(n=5)(n=2)]" +n(n—-5)""

Proof: (a) By using equation (1) and Table 4, we have

v (FL) =Y [d,(w)+d, ()]

uveE(G)
=nO+n- 5 +n@O+n- 2Y+nG- 5+n-2)Y+nG- 5+n-5)
=3nG- 5+ nG- 2+ nQn- 7'+ nQn- 10).
(b) By using equation (2) and Table 4, we obtain

Lz (F)= Y [, )d, ()]
)

weE(G
= nl0" G- DI +nl0” G- DI + nlGr- - DI + nlGr- - DI
= n[;- G- DI+ nr- 5.
Corollary 7.1. Let Fi, be a flower graph with 4n edges. Then
(a) LM, (FL,)= 8n’ - 34n.
(b) LM, (Fl,)= 8n’- 62n° + 128n.

Proof: Put @ = 1, 2 in equation (13), we obtain the above desired results.

Corollary 7.2. Let FI, be a flower graph with 4n edges. Then

(a) LM, (Fl))= 2n’- 17n* + 35n, see (12).

(b) HLM, (F1,)= 2n’ - 34n* + 2192 - 415n° + 725n.
Proof: Put a = 1, 2 in equation (14), we get the above desired results.
Theorem 8. Let G=FI, be a flower graph with 4n edges. Then

a) LM, (FI,,x)= nx"*+ nx" >+ nx® 7+ nx® 1.

b) LM, (FI G- Y- 2)

¢) HLM, (Fln,x): ax” Y+ 2 x4 @ 10)2'

G- 57

x)= 2nx’ + nx + nx

n2

d) HLMz (Fln’x): 2nx0 + nx[(n- - DF + nx[(n. 5)]1 ]
Proof: (a) From equation (3) and Table 4, we obtain

dy(u)+d, - - —Stn— Sene
LMI* (Fln,x)= z x[ L (w)+d, (v)] = %S e SR eSS
uveE(G)

— nxn— 5 + nxn— 2 + ann— 7 + ann— 10'

(b) From equation (4) and Table 4, we have

LM2 (Fln,x) — Z x(jz(“)d:(\}) — nxO(rﬁS) +nx0(n—2) +nx(n—5)(n72) +nx(n—5)(n—5)
ueE(G)
2
— znxO + nx(n—S)(n—Z) + nx(n—S) .

(c) From equation (5) and Table 4, we deduce

2 2 2 2
HLM, (Fln,x): Z x[dz<u>+d2<v>f — x0T (2010
uveE(G)

(d) By using equation (6) and Table 4, we derive

A ()P o
HLM, (Fl x): Z x[dz(u)d“”]z = 2nx" + I

no
uveE(G)

6. Sunflower Graphs Sf,
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A graph Sf, is a sunflower graph which is obtained from the flower graph FI, by attaching » pendant edges to the apex vertex.
Clearly Sf, has 3n+1 vertices and 5n edges.

Figure 5. Graph Sf,

In Sf,, there are 5 types of the 2-distance degree of edges as given in Table 5.
Table 5.

d>(u), d>(v)\ uv € E(Sf,) 0,3n-4) 0,3n-2) 0,3n-1) (Bn-4,3n-4) (Bn-4,3n-2)
Number of edges n n n n n

Theorem 9. Let G = Sf, be a sunflower graph with 3n +1 vertices and 5»n edges. Then

a) LM (G)= n(Bn-4) +nGBn-2)" +nBn-1)" +n(6n-8) +n(6n-6)". U SRPRPRPN @ ko) |

b LM (G)=nGn—-4) +n[Gn-Gn-2)]". (16)

Proof: (a) By using equation (1) and Table 5, we deduce

LM (G)= Y [d,()+d, ()]’

uveE(G)
= n+ 3n- 4+ n@©+3n- 2) + n@+3n- D'+ nQGn- 4+ 3n- 4 + n@n- 4+ 3n- 2)
=nQn- 4+ nBGn- 2Y + nQGn- D'+ nGn- 8 + nn- 6).

(b) By using equation (2) and Table 5, we obtain

LM (G)="Y [d,(wd, (]

weE(G)
= nl0” Gn- DI+ al0” Gn- DI+ n[0" Gn- DI+ nlGn- DGn- HI + nlGn- HGr- 2)]
= nGn- 4+ nlGn- HGn- DI

Corollary 9.1. Let Sf, be a sunflower graph with 5» edges. Then

(a) LM, (Sf,)= 21n*- 21n.

(b) HLM, (Sf,)= 99n° - 210n> + 121n.

Proof: Put @ = 1, 2 in equation (15), we get the above desired results.

Corollary 9.2. Let Sf, be a sunflower graph with 5»n edges. Then

(a) LM, (Sf,)= 18n’ - 42n” + 24n, see (12).

(b) HLM,(Sf,)= nGn- 4Y (18n> - 360+ 20).

Proof: Put @ = 1, 2 in equation (16), we obtain the above desired results.

Theorem 10. Let G=5f, be a sunflower graph with 5» edges. Then
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a) LMI* (Sf;”x): nx3"’4+ nx 3n-2 + nx3n 1+ nx()n—x + nx()n, (,.
b) LM, (an,x): 3’ + o 8 0D

C) HLM] (Sﬁ,x): nxGn- 47 + nxGn- 2y + nx(3n- s + nx(én- 8y + nx((m- 6y .

d) HLM, (Sf,

4
- 4 - - 2)
) 3 0 Gn- 4 [Gn- 9Gn- 2 .

n?

Proof: (a) From equation (3) and Table 5, we have

* d, (u)+d, (v) 0+3n—4 0+3n-2 0-3n-1 3n—4+3n-4 3n—4+3n-2
M (Sf,.x)= D, AL BN gy 0314 OF2 073l Ay e

uveE(G)

— nx}n- 4 + nx}n- 2 + nx}n- 1 + nx6n- 8 + nx(m- 6'

(b) By using equation (4) and Table 5, we derive

LM an’ z xd (w)d, (v) = nx 0(3n-4) + nx0(3nfz) +nx0(3n—1) +nx(3n74)(3nf4) +nx(3n74)(31172)

msE )

_ 3nx + nx(3”74) + nx(3n74)(3n72).

(c) From equation (5) and Table 5, we obtain

2 2 2 2 2
HLMI (an’x) — Z x[dz(u)erz(v)]z — nx(3n74) +nx(3n72) +nx(3n71) +nx(6n78) +nx(6n76) .

uveE(G)

(d) By using equation (6) and Table 6, we deduce

4 2
HLMZ( Sf. ’x): Z x[dzu,)dsz B o LTI (S ICT))

uveE(G)
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